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ABSTRACT 
We analyse the action of perturbations on controllable distributed parameter 
systems. We show that the most common controllability properties are not preserved 
under the action of perturbations whose norm is smaller than any prescribed tolerance 
E > 0. In particular, we show that small perturbations of the values of the coefficients 
of a system with delays can destroy the property of modal controllability. Finally a 
positive result which is important for application to the stabilization problem is 
presented. 
1. INTRODUCTION 
In this paper X and U denote real Hilbert spaces, or their complexifica- 
tions, and we consider a control system described by the equation 
i=Ar+Bu, 0) 
x E x, u E U. The operator A is the infinitesimal generator of a &semi- 
group E(t) on X, and B E L(U, X). Of course, in most of the applications, 
&nU is finite. 
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In order to give a clear description of the subject of this paper, let us 
consider first the finite dimensional case, dim X < cc dimU < co. In this case 
system (1) is controllable when the linear transformation U” + X, 
k=O 
is surjective. In this case we shall also say that the pair (B, A) is controllable. 
It is easy to see with purely algebraic arguments [12] that if a pair 
(B,, A,) is controllable, then there exists E > 0 such that any pair (B, A) is 
controllable provided that )I B - $11 < E, IIA - Aa]] < E, where I]* ]I denotes 
any matrix norm, i.e. that controllability is a stable property under the action 
of perturbations. [In fact, it is possible to see more: that noncontrollable pairs 
(B, A) belong to an algebraic manifold in the space Rn(n+m) of the coeffi- 
cients.] 
Let us consider now the case that dim X = + co. A great number of 
nonequivalent definitions were introduced in past years, under the general 
heading “controllability” [l, 8, 91. A mong them the following ones have had 
the widest use: 
Cl. Approximate controllability: the pair (B, A) is approximately con- 
trollable when there exists T > 0 such that 
X=ClImh,, 
A, E L(L”(0, T; U), X) being defined by 
(2) 
C2. Exact controllability: there exists T > 0 such that the operator Ar 
defined by (2) is surjective. 
C3. Null controllability: for some T > 0 we have 
Im E(T) c Im hr. (3) 
C4. &nodal controllability (Q being a subset of the complex numbers): 
there exist holomorphic operator valued functions X(z), U(z) defined in a 
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region which contains 3, such that 
(zZ-A)X(z)+BU(z)=Z, (4) 
I being the identity on the space X. 
C5. Modal controllability: the previous property holds with fJ = C, the 
set of complex numbers. 
Definitions Cl, C2 are probably the oldest definitions which have been 
introduced. Unfortunately, property C2 is somehow exceptional: it cannot 
hold either when dim U < 00 or when S(t) is compact for all t > 0 if 
dim X = + co (see [20, 211). However, if A generates a C,-group of operators 
over the Hilbert space X, property C2 is equivalent to full stabilizability of 
the control system (1) [25]. Property C3 implies that the infinite horizon 
quadratic regulator problem is solvable, and properties C4, C5 are related 
both to the stabilization problem and to the partial realization problem [4, 
16-181. In fact, an eigenvalue z0 of finite multiplicity of the operator A is 
identified by the corresponding pole of the transfer function if and only if 
property C4 holds in a neighborhood of zO. 
Property C5 is equivalent to mrll controllability for some special classes of 
systems (see [5, 15, 241). 
It is clearly an important problem to know whether the previous proper- 
ties are stable under the action of some specified class of perturbations, for 
example bounded perturbations. In this paper we show that none of the 
previous properties is stable, with the following exceptions: 
(i) Property C4, when D has some special structure (which is met in 
applications, however). 
(ii) Property C2, with respect to bounded perturbations. However, even 
property C2 is not stable if bounded perturbations are replaced by A-bounded 
perturbations. 
Finally, we consider the special case of systems with delays. We shall see 
that property C4 is not stable even under perturbations of the coefficients of 
the matrices which appear in the description of the system. 
We recall now the following easy implications among controllability 
properties, which will be useful: 
(a) Property C2 implies both properties Cl and C3; 
(b) if a(A) = u,(A) and if any eigenvalue of A has finite multiplicity, 
then both Cl and C3 implies C5. 
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The reason for this last implication is as follows: if the spectrum of A has 
the stated properties, then modal controllability is equivalent to the condition 
Im(XZ-A)+ImB=X 
for each complex number X [16], and this condition is equivalent to the 
controllability property of the finite dimensional system which is obtained as 
the projection of (1) on the generalized eigenspace of A [4]. Both approxi- 
mate and null controllability imply that such finite dimensional projected 
system is completely controllable. 
2. FIRST NEGATIVE RESULTS 
We show now that property Cl is not stable under the class of bounded 
perturbations. This result is in fact known [21] jag 470 and is reported here 
for completeness. We present two counterexamples. 
EXAMPLE 1. Let X = 12, the Hilbert space of those sequences { x, } such 
that C]X,,]~ < cc. Let A be any operator such that 
We assume that C(h n I2 < co, so that A, being bounded, is the generator 
of a C,-group. Let U = R, so that Bu = bu, b E 12, b = (b,). 
It is known [6] that property Cl holds for the pair (B, A) iff bi # 0 for 
each index i, and Xi # A j if i # j. Property Cl does not hold if either b, = 0 
for some index i, or if hi = X j for i # j. 
As Clb,12 -c 00, Elh,12 < 00, we know that b,, -+ 0, A, + 0. Let E> 0 be 
given, and let n’ be any index such that lb,,,1 < E and ]A,,, - h,, + i] < E. Let Q 
be the operator defined by Qu = qu, the entries of q being all zero with the 
exception of that in place n’, which is - b,.. Let P E L(X) be such that 
P(x,) = (pnrn), p, = 0 for n # n’+ I, P~,+~ = A,,,- Xn,+i. Then IlPll, IlQll 
are both less than E, but neither the (Z?, A P) nor the (B + A) 
enjoys Cl. 
A of the example shows more: if 
0 lim inf < suj < 00 the pair (B, is modally controllable while 
(Z? Q, A) not modally 
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In the paper [13] it was proved that controllability for systems over rings 
is not stable if dim U = 1, while it is stable if dim U > 1. It is clear that the 
previous example can be modified to see that approximate controllability is 
not stable under the action of bounded perturbations even if U is an infinite 
dimensional space: 
EXAMPLE 2. Let X = U = 2’ and let A = 0. Let B be a diagonal opera- 
tor, 
Now 
Let x = (x,) E 1’ be fixed, and choose functions u( .) such that 
T 
J (1 u, s ds=nx,. 0 
For example, we can choose u,(s) = (nr,)/T. Now, let u(,,(.) be the 
function in L”((0, Z’), I”) whose nth component is u,( .) if n < k, and zero 
otherwise. Then 
ATyk)(-) =col(x, )...) x,,o,o )... ), 
and the image of A, is dense in Z2, i.e., property Cl holds. 
Now, let E > 0 be given, and let n(e) be such that & > ,C,,(1/k2) < E. The 
perturbation Q that we choose is represented by a diagonal infinite matrix, 
Q = diag( ok), where qk = 0, k < ?I(&); qk = ( - l/k), k > n(t). Then the 
pair (B + Q, A) is not approximately controllable (neither is it modally 
controllable). Even more, its reachable set Im Ar is finite dimensional. 
3. EXACT CONTROLLABILITY AND EXACT 
ZERO CONTROLLABILITY 
We consider now an exactly controllable system, i.e. a system such that 
Im A, = X for some T > 0. As is known, this happens if and only if the 
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operator Rr( A, )* has a bounded inverse. Now Ar( AT)* is given by 
RT( &)*x = fE(T - s)BB*E*(T - s)xds, VXEX (5) 
0 
and it is an operator which continuously depends on E( .) E C,(O, T; L(X)) 
(the space of strongly continuous operators from (0, T) to L(X)), B E L(U, X). 
Hence small perturbations of E( .), B, respectively in the spaces C&O, T; L(X)) 
and L(X, U), do preserve invertibility of the operator in (5), i.e. exact 
controllability. 
From [ 11, p. 4951 it is known that if A is the generator of a C,-semigroup 
and P E L(X), then A + P generates a C,-semigroup Ep(.) which, as an 
element of C,(O, T;L(X)), depends continuously on P. Hence, exact control- 
lability is preserved if bounded perturbations P, Q, of sufficiently small 
norm, act on A, B. 
The class of bounded perturbations is too much restrictive for practical 
applications, since it does not cover, for example, the case of perturbations on 
the value of transmission delays, or the case of perturbations of the values of 
the coefficients of differential operators. For this reason, the class of A- 
bounded perturbations is introduced: P is A-bounded if 
(i) DomPzDomA, 
(ii) there exist a > 0, b > 0 such that 
IIW G 4lW+ Wll V’xEDomA. (6) 
As we already said A-bounded perturbations frequently occur in the 
applications, since they are encountered, for example, in the above-described 
cases. However, it is not true in general that A + P is a generator of a 
C,-semigroup if A is, when P is an A-bounded perturbation. 
The next example shows a generator A and an input operator B with the 
following properties: 
(i) the pair (B, A) is exactly controllable; 
(ii) for every E > 0 there exists an A-bounded perturbation P with 
I I Px 11 < ~11 Ax 11 ‘Vx E Dom A which destroys the property of exact controllabil- 
ity, in spite of the fact that A + P generates a Ca-semigroup. 
EXAMPLE. Let A be any self-adjoint operator which generates a semi- 
group F(z), which is holomorphic in the half plane Re z > 0 and such that 
a(A) = {A,}, X, a simple eigenvahre of A, Re X, + - co. For example, if 
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X = L’(O, ?T), the operator A may be chosen to be Af = f" over Dam(A) = 
{ fE Hz@, ~1, f(O) =flr)= O} [=I, P. 1441. 
As A is self-adjoint, the operator iA generates a unitary group E(t) [19, 
Vol. 1, p. 2651. Hence, E-‘(t) = E*(t) = E( - t). Let U= X and B = I, the 
identity operator. Then, 
A,( AT)* = j’:(T - s)BB*E*(T - s) d.s = TZ, 
0 
and the property of exact controllability holds. 
Let E > 0 be given and P = EA. As A generates a holomorphic semigroup 
F(z) on Re z > 0, then iA + EA = (i + &)A is the infinitesimal generator of 
the C,-semigroup Ep(t) = F((i + &)t), and a(iA + &A) = {(i + &)Xk}. As A, 
is real (because A is self-adjoint), lim Re (i + E)X~ = - 00 and EP( t ) is a 
semigroup of compact operators [2, p. 1941. According to [22], the pair 
(I, iA + EA) cannot be exactly controllable. 
Let us consider now the property of null controllability. It is possible to 
see that this property is not stable even under bounded perturbations. Even 
more, we show this fact for the “concrete” class of systems with delays: 
where x E R”, u E R”, Ai, A( .) are n X n matrices, and B is an n X m 
matrix. The entries of A( .) are continuous functions. It is well known that 
the system (7) can be written as an abstract system, of the same form as (l), 
over a product space M2 = R” X L2( - h,O; R”) (if h > hi, a nonrestrictive 
condition) [7]. Moreover, it is known [S, 241 that zero controllability is 
equivalent to property C5 of modal controllability (compare also [15]). But 
we saw in the previous section that modal controllability is not preserved 
under the action of perturbations, so that even zero controllability is not 
preserved. In fact, this argument is not complete, since we still have not 
shown that a perturbation P of the generator of the semigroup of Equation 
(7) can be found with both the following properties: 
1. Modal controllability is not retained. 
2. The perturbed system still is a system of the form (7). 
In fact, equivalence of null and modal controllability is known only for some 
special classes of systems, the class of delay systems (of retarded type) being 
one of them. 
The existence of such a perturbation is shown in the next section. 
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4. MODAL CONTROLLABILITY: NEGATIVE RESULTS FOR SYSTEM 
WITH DELAYS 
Modal controllability was introduced firstly for systems with delays of the 
form (7) in [17], and it was shown that it is equivalent to the following 
condition: 
zZ - i A,exp( - zh,) - /:hA(s)e’Sds, B = n 
I 
vz EC. (8) 
i=O 
A natural question is whether modal controllability is preserved under 
“small” perturbations of the matrices of the system. The following example 
gives a negative answer: 
EXAMPLE 1. Let n = 2, k = 3, A(s) = 0, m = 1, and the matrix in (8) be 
given by 
[ 
z _ e-2z ge-2z - ae-Pz + e-Yz 1 
0 2 + e-” 1 1 . 
We assume that p, y ar fixed, p > y, while cx represents the action of the 
perturbation. The nominal value for (Y is (Y = 0. The minors of the above 2 X 3 
matrix are 
Dl( 2) = (2 - e-“)( z + e-“) 
D,(z) = (z - ee2’) 
D,(z) = 2 - eC2’ + ae-@ - epyz. 
The common zeros of Di(z), D,(z) are those of z - e-‘? a sequence 
{ zk}, Rezk + - cc [3]. If (Y has the nominal value (Y = 0, then D3(.ak) = 
- exp( - yz,) # 0 and the system is modally controllable. 
Let { be one of the values .zk and (Y = e (s~~)~. Then, with this choice of 
(Y, the three minors D,( .), i = 1,2,3, are zero for z = 2, and the perturbed 
system is not modally controllable. 
If E > 0 is given, then we can find some value of k such that if 5 = zk 
then ]a] < E, because Rez, + - cc and p > y. 
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Perturbations of the values of the coefficients of a system with delays are 
of course a very natural class of perturbations. But such perturbations are 
unbounded perturbations of the generator of the relative semigroup, when a 
product space representation is used. We present a second (a bit more 
involved) example, which shows that modal controllability for the class of 
delay systems is not preserved even under the action of bounded perturba- 
tions of small norm. 
EXMPLE 2. Again, n = 2, but now we consider a system with dis- 
tributed delays such that the matrix in (8) is given by 
i 
z-e-9-z 2e-2Z _ oe-t - Yezs(js + e-6a 
/ 
I 
0 z +,12z 1 I* 
The minors of this matrix are D,(z), D,(z) as in the Example 1, while 
Still cu represents the perturbation, the nominal value being (Y = 0, while /3, y, 
S are fixed, with 1 + y > 6. Hence, if 3 is a root of z - ep2’ and if (Y = 0, then 
I&({) # 0, i.e., the system is modally controllable. But if 
,={ew+Y’s{l _ e(Y-‘)5j -l 
1 ’ 
then OS({) = 0 and the perturbed system is not modally controllable. The 
value of (Y, as a function of 5, may be made as small as we want, by taking for 
[ a root zk with k large enough. 
As properties C3 and C4 are equivalent for the class of delay systems, the 
previous examples complete the arguments of Section 3, so that even null 
controllability is not stable under the action of (even bounded) perturbations; 
and, this is the case even if a “concrete” class of systems is chosen both for 
the nominal and the perturbed system. 
5. A POSITIVE RESULT 
Let G be a bounded region, G G C, and let us assume that the pair (B, A) 
is Q-modally controllable. We show that this property is stable under action 
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of bounded perturbations Q of the operator B, and under A-bounded 
perturbations P of the operator A: 
THEOREM 1. For evey compact subset K of D it is possible to find a 
number n(K) > 0 such that if llQ[l -C n(K) and llPllA < n(K), then the pair 
(B + Q, A + P) is K-modally controllable. 
The number 11 PI I A is the norm of the operator P defined on G(A), the 
graph of the operator A, with values in X, defined by P(x, Ax) = Px. The 
operator P is linear, since P is, and bounded, since P is A-bounded. In fact 
we can even allow B to be a holomorphic operator valued function defined 
on CZ, a case which is important in the analysis of boundary value control 
systems (in this case B = $ + X B,; see [16]). So we assume that holomorphic 
operator valued functions X,(z), U,(z) exist such that 
(zZ-A)X,(z)+B(z)U,(z)=Z (9) 
for z in a region which contains fi, and we try to solve the equation 
(10) 
where Q(z) take values in L(X, U). Equation (10) must be solved over a 
region fi’ such that K c W. 
Equation (10) may be written as follows: 
= [ZZ-A, B(Z)] z + ( ’ [ :,:;:;]I -P~Qb)l) [ :;l;;] (11) 
(I’ is the identity operator in X X U). Now, if P is a bounded operator and 
Ilpll, IIQ(z>ll are small enough, 
(12) 
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Then the operator 
z,+ X0(4 
[ I u(z) I- w(41 0 
has a holomorphic inverse R(z) , and we can choose 
535 
As K is compact and X0( .), U,( .) are holomorphic in a region which contains 
K, then the right hand side of (12) is positive. In fact, we can take the 
supremum in (12) over the closure of a bounded region a’, K c a’, and 
CIQ’C Q. 
So our claim is proved if P is bounded. 
Let us consider now the case that P is A-bounded. As the effect of Q(z) 
has already been considered, we can assume that Q( z ) = 0. So we consider 
Equation (10) with Q(z) = 0, and we rewrite it on G(A). Let A: G(A) + X 
be defined by A(x, Ar) = Ax, and J:G(A) + X be defined by J(x, Ar) = x. 
The operator X(z) transforms X into G(A): X(z)r = (X(z)x, AX(z)x). So 
Equation (10) is equivalent o 
(Z~-~-P)~(~)+z3(z)U(z)=z. (13) 
When P = 0, Equation (13) has solution X,(z), U,(z). 
Equation (13) may be written as 
Here I” is the identity operator on G(A) X U. 
Of course, 
(15) 
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since K is compact. Then, if 
IlPll < n(K), 
we can choose 
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as a solution to Equation (13). This completes the proof of Theorem 1. 
REMARK. Neither the assumption that U is finite dimensional nor the 
assumption that &? n a( A) is finite was used in this section; but if dim U < cc 
and Q n a( A) is not a finite set, then O-modal controllability implies that the 
open set Q is contained in the spectrum of A. So, for example, we cannot 
have modal controllability if the operator A has a nonstationary sequence of 
eigenvalues in a compact subset of f2, and dim U < cc. See [ 161. 
6. CONCLUSIONS 
We proved in this paper that the most common “controllability” proper- 
ties for distributed parameter systems are not stable under the action of 
perturbations. In particular, we proved that the property of modal controlla- 
bility for a system with delays is not stable under the action of the perturba- 
tions which act on the values of the coefficients of the systems. But in most of 
the practical applications, for example in the solution of the stabilization 
problems for large classes of systems, only finitely many eigenvalues must be 
considered, and the region !2 over which modal controllability must be 
checked satisfies the assumptions of Section 5. Consequently, the results of 
the last section, which show that those problems which depend on the 
properties of a finite subset of a(A) are stable under the action of small 
perturbations, have interest for the applications of distributed control theory. 
The author thanks the refwees who read this paper very carefully. 
Unfortunately, the first version of this paper was printed instead of the 
revised one. 
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